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~fhe writer has previously developed a method for the determination of the atomic scattering factor 
of an ion in a crystal of which the structure factors are known. Applying this procedure to trigonal 
KNO 3, he has determined the atomic scattering factor values of the K ion for the reflexions (hhh), 
(h00), 0~h0) and (hh0). When the atomic scattering factor values obtained in this way are presented 
graphically against sin 0/2, it is found that  the values calculated for the different reflexions differ 
systematically. This difference is rotationally symmetrical with regard to the trigonal axis and 
increases at  small sin 0/). values, attains its largest value at  sin 0/~t = 0-24, decreases thereafter 
and has wholly vanished by sin 0/). = 0.46. This cannot be explained solely by the heat motion 
but requires that  an electronic anisotropy of the K ion be taken into account. A critical error analysis 
shows that  this phenomenon cannot be due to the errors arising from the method of calculation; 
moreover, the experimental values used in the calculations seem to be reliable. 

I n t r o d u c t i o n  

The writer has shown (Korhonen, 1953, 1955) t h a t  if 
the s t ructure  factors  F(hkO of a crystal  are known, 
the atomic scat ter ing factors fl,(hk0 of an ion 1, 
belonging to this crystal  and having the position 
coordinates (xl, Yl, zl), can be calculated as follows: 

4 z R  a 

1 
+ 2: F~h'k'z') ~ --cos 

h ' k T  

F~lhk0 = FChk0. exp [ -  2~i (h (xl/a) 
+ k(yl/b) + l(Zl/C))], 

0¢ = 2zR/d(h_h,, ~-k', l-v) • 

(1) 

Here d(h-h,, ~-k',Z-V) denotes the spacing of the  
latt ice planes ( h - h ' ,  k - k ' ,  1-1'). t F(hk0 is the struc- 
ture factor  for the reflexion (hkl) when the point  
(xl, Yl, zl) is t aken  as the  origin. V is the volume of 
the unit  cell and R the ionic radius of ion 1. 

The writer has also shown (Korhonen, 1956a) tha t ,  
using series (1) to determine the atomic scat ter ing 
factors from the a lways limited number  of s t ructure  
factors exper imenta l ly  measured,  the error due to the 
breaking-off can be removed as far  as possible by 
using the 'difference series method ' .  Artificial struc- 
ture factors Fart.,(hk/)for the crystal  under  con- 
sideration are constructed by the aid of the theoretical  
atomic scat ter ing factors and of the appropr ia te  values 
for the heat  motion to correspond as nearly as possible 
to the real s t ruc ture  factors F(hz.O at  those values of 
sin 0/2 a t  which the  last s t ructure  factors have been 
measured.  The difference, AfL(hh.a, between f~,(hk0 
and fa, ~t,(h~.0 is then calculated by the aid of series 

(l ' )  and by using the s t ructure  factor  differences 

1 1 . 
A F(hkO = F(z, h O-  Fart., (hkO 

AA,(hk,) = - - F  A f  (~.k~) 

h,~.,rAF(h,k,r)--~ --COS ~ , (1') 

1 1 AF¢~,kO - F a r t  = F(h~'O ., (hkO, 

o~ = 2~R/d(h-j,,,k-k,,z_r). 

P r o c e d u r e  

The tr igonal  unit  cell with dimensions r = 7-181 /~ 
and a = 44 ° 8.5' is used in the following calculations. 
Table 1, column (3), shows the  Fq, kO values mea- 
sured experimental ly  by Tahvonen (1947a). 

For  the K ion the atomic scat ter ing factors cal- 
culated by Har t ree ' s  method,  and for the a toms N 
and 0 those measured exper imental ly  by Tahvonen  
(1947b), were used as the artificial atomic scat ter ing 
factors. The heat  motion of the a toms was taken into 
consideration by mult iplying the atomic scat ter ing 
factors by the Debye factor  D:  

D = 10 - ~  sin, 01~' (2) 

For  the K ion the  value c ~ = 2 . 0 5 4  A 2 and for 
:N and 0 the value c~, o = 3.640 )~2, found by tr ial  
and error, were used. The position of the NO3 group 
in the latt ice is not  known accurate ly;  the group has 
been supposed to ro ta te  (Kracek, Bar th  & Ksanda ,  
1932). By using the method of trial and error it was 
found convenient to divide each group into two 
positions in the latt ice so t ha t  the crystal  s y m m e t r y  
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T a b l e  1 

(hkl) sin 0/2 (A -1) F ( h k O  Far~.,(hk0 AF(hkO 
(1) (2) (3) (4) (5) 

000 0.0000 (100.66) 100.66 0.00 
1 lO o. 1188 3.65 2.03 + 1.62 
211 0.1485 44.31 47.28 - 2 . 9 7  
222 0.1546 ( - ) 4 . 4 7  - 5 . 9 9  + 1.52 
i l O  0.1853 22.22 26.36 - 4 . 1 4  
200 0.2201 23.03 26.52 - 3.49 
332 0.2322 30.90 30.84 + 0.06 
220 0.2375 21-71 23.43 - 1.72 
321 0.2413 16.12 16.17 - 0 . 0 5  
433 0.2789 13.55 13.84 - 0 . 2 9  
211 0.2877 12.55 14.22 - 1.67 
422 0.2971 7.79 7.54 +0.25 
310 0.3012 9.53 12.02 - 2 . 4 9  
444 0.3091 16.16 16.66 - 0 . 5 0  
'211  0.3210 10-88 11-59 --0-71 
442 0-3349 5.77 7-27 -- 1-50 
431 0-3501 13-08 15-29 --2-21 
411 0-3562 10-18 15-02 ] 1 2 " 2 6  --2-08 
330 0-3562 8-72 ~" 
543 0"3604 10-53 10-82 -- 0.29 
220 0-3706 13-15 14-63 -- 1"48 
554 0-3762 8-70 9"03 --0-33 
532 0-3827 10-35 11-80 -- 1"45 
310 0-3892 5-81 7-77 -- 1-96 
321 0-3993 10-45 10-59 --0-14 
420 0-4016 6"00 6-05 --0"05 
644 0-4193 9-58 10.42 --0"84 
655 0-4258 7.09 7-16 -- 0-07 
2"2"2 0-43 i 1 6-83 7-65 -- 0-82 
521 0-4374 7.52 7.18 +0-34 
400 0-4402 8"26 7.04 + 1-'22 
633 0.4456 4"65~ 7"01 --0-13 
552 0-4456 6-88 8"76 ] 
653 0.4585 5.03 5-16 --0-13 
666 0-4637 7-52 1 
541 0-4639 5-87 5-30 i 6"30 --0-43 
664 0-4644 7-57 
3:21 0.46(.)2 2-88 3.58 --0-70 
440 0-4750 7.12 5.59 + 1.53 
4Tl 0-4776 7-67 7.72 --0.05 
642 0.4826 5-03 5-84 -0-81 
32l 0.4903 6.46 5-78 +0-68 

was fu l f i l led  a t  t h e  s a m e  t ime .  Thus ,  t h e  fo l l owing  
c o o r d i n a t e s  for  t h e  a t o m s  were  u s e d :  

2 K -  (0, 0, 0; ~-, ~, ½). 

4 (½N)" (¼-~x, ¼-~x, k - a ;  ¼+c~, ~ + a ,  ¼ + a ;  
~-~, ~-~,, ~-~,; ~+o,, ~+~, ~+.~,). 

12 (½0): ( ~ - c x - f l ,  k - ~ x - f l ,  k - a + 2 f l ;  

k+.~, +~, k+~ +fl, ¼+o,-2fl; 
k-~,-~, k-~+efl, k-o,-~; 
k+~+~, k+:,-2/~, ¼+~+~; 
k-~ +2t~, ¼-o,-/~, k-~-¢~; 
k+.~-2fl, k+a+fl, k+~+(fl), 
and ,  in  a d d i t i o n ,  six pos i t i ons  w h i c h  can  
be  o b t a i n e d  by  a d d i n g  ½ to  t h e  a b o v e  
coo rd ina t e s .  (3) 

T h e  s t r u c t u r e  fac to rs  Fart..(t,~. o cou ld  t h e n  be cal- 
cu l a t ed  by  t h e  f o r m u l a :  

Fart., (hi't) ---- 2fK art., (~k0-t-2fN art., (hkl) COS 2ze(h+k+l)o¢ 
-}- 2 f o  art., (hk/) ( cOS 2ze[(h+k+l)~x+ (h+k-21)f l]  

+ c o s  2~[(h+k+l)s¢ + (h-2k+l ) f l ]  
+ c o s  2ze[ (h + k + l)o¢ + ( -  2h + k + l)fl]} . 

(4) 

T h e  p lus  s igns  a re  v a l i d  w h e n  (h+k+l)  is d iv i s ib l e  
b y  4 a n d  t h e  m i n u s  s igns  w h e n  i t  is d iv i s ib le  b y  2. 

F o r  t h e  p a r a m e t e r s  a a n d  fl t h e  fo l lowing  va lue s  
were  u sed  : 

2go~ = 6 ° 30' ,  2~fl = 4 7  ° . (5) 

T h e  a r t i f ic ia l  s t r u c t u r e  f ac to r s  o b t a i n e d  in th i s  w a y  
a re  seen  in  T a b l e  1, c o l u m n  (4); t h e y  h a v e  b e e n  cal- 
c u l a t e d  for  Cu K a  r a d i a t i o n  (H6nl ,  1933a, b). T h e  
d i f f e rences  AF(],~. 0 = F(hk0-Fart . ,  (hk/) a re  g i v e n  in  
c o l u m n  (5). 

W e  see t h a t  t h e  d i f f e rences  AF(h~z) are  r a t h e r  smal l ,  
a n d  w h e n  c a l c u l a t e d  for  one  m o l e c u l e  on ly  t h e y  m u s t ,  
in  a d d i t i o n ,  be  d i v i d e d  by  2. T h e  m e t h o d  we h a v e  
used  in  t h e  a b o v e  ca l cu l a t i ons  s eems  to  a p p l y  well  to  
t h e  c r y s t a l - - a t  leas t  as well  us t h e  r o t a t i o n  c o u p l e d  
w i t h  v i b r a t i o n  ( T a h v o n e n ,  1947a). Also,  t h e  e l e c t r o n  
d i s t r i b u t i o n  of t h e  N O  a g r o u p  on  t h e  p l a n e  ( l l 0 )  
o b t a i n e d  h e r e  c o r r e s p o n d s  v e r y  wel l  w i t h  t h e  ex- 
p e r i m e n t a l  e l e c t r o n  d i s t r i b u t i o n  g i v e n  by  T a h v o n e n  
(1947a). All  th i s  m a y  m e a n  t h a t  t h e  NOa g r o u p  has  
t w o  pos i t i ons  of e q u a l  v a l u e  in th i s  c rys t a l  a n d  t h a t  
t h e  c rys t a l  s y m m e t r y  c o r r e s p o n d s  to  t h e  s t a t i s t i c a l  
ave rage .  

H a v i n g  n o w  a v a i l a b l e  t h e  va lue s  AF¢hkz), we n e e d  
on ly  k n o w  t h e  v a l u e  for  t h e  ionic  r ad iu s  R in o r d e r  
to  use  ser ies  (1'). T h e  va lue  1.33 .~ was u sed  for  R. 
T h e  va lues  of a can  be o b t a i n e d  by  c a l c u l a t i n g  t h e  
spac ings  dq,-1,,,~-~.,,t_r) f rom t h e  d i m e n s i o n s  of t h e  
u n i t  cell. 

R e s u l t s  

T a b l e  2, c o l u m n  (3), p r e s e n t s  t h e  d i f f e r e n c e s / l f K  ' (1,~t) 
o b t a i n e d  by  ca lcu la t ions .  I n  c o l u m n  (4) t h e r e  a re  t h e  
va lues  of t h e  ar t i f ic ia l  a t o m i c  s c a t t e r i n g  f ac to r s  of t h e  

Tab le  2 

(hkl) sin 0]2 (A -1) A fK. (:~.t.t) fK art.. fht't) fie, (:,kS 

(l) (2) (3) (4) (5) 

111 0.0773 +0.00 16-98 16-98 
100 0-1100 --0.49 15-65 15.16 
110 0.1188 --0.45 15.')8 14.83 
222 0.1546 +0.14 13.62 13.76 
l l 0  0.1853 -- 1.01 12-00 10.99 
200 0.2201 -- 1-08 10.36 9.28 
333 0.2319 +0-20 9-83 10-03 
2"20 0-2375 --0.(.)3 9-62 8-69 
444 0-3091 q0.15 6.95 7.10 
300 0-3301 --0-87 6.26 5.39 
330 0.3562 --0-65 5.49 4.84 
250 0-3706 --0-73 5-09 4.36 
555 0.3864 +0.03 4.68 4.71 
400 0.4402 --0-17 3.48 3.31 
666 0.4637 --0.05 3.07 3.02 
440 0-4750 --0.04 2.89 2.85 
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Fig. I. (a) Differences be tween  the  exper imenta l  and  theoret ical  a tomic  scat ter ing factors of the  K ion in the  tr igonal K N O  3 
crystal .  The circles s t and  for reflexions (hhh), the  solid circles for (h00), the  crosses for (hhO), and the  triangles for (hhO). The 
broken  curves  show the  corresponding a tomic sca t ter ing  factor  curves.  (b) Differences between the  exper imenta l  and  
theoret ical  a tomic sca t ter ing  factors  of the  K ion in the  tr igonal  K~TO 3 crystal .  The small symbols  are the same as in (a). 
The large symbols  s t and  for the  differences when  the  artificial crystal  needed  in the  calculat ions contains only two K ions 
in the  positions (0, 0, 0; ½, ½, ½). (c) Differences be tween the  exper imenta l  and  theoret ical  a tomic scat ter ing factors  of the  
K ion in the  tr igonal  K N O  3 crystal .  The small symbols  are the  same as in (a). The large symbols  s tand  for the  differences 
obta ined  f rom series (l ' )  when  the  value 1.575 A 2 is used in the  Debye  factor  for the  K ions in the  artificial crystal .  The broken 
line s tands  for' the  theoret ical  a tomic scat ter ing factors of the  K ion in the  artificial crystal .  (d) The circles (hhh), solid circles 
(h00), and  crosses (/~h0) s t and  for the  a tomic  sca t ter ing  factors of the  K ion having  ellipsoidal hea t  motion.  The horizontal  
axis s tands  for those of the  K ion having spherical ly symmet r i ca l  hea t  mot ion.  The values c~Iculated back f rom series (I ')  
have  been denoted  by  small points when t h e y  devis te  f rom the  corresponding initial values. 

A C 10 32 
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K ion, f~  art., (hkl), and in column (5) the final atomic 
scattering factor values fK, (hk0 for Cu K~ radiation. 

The differences AfK,(h~z) are presented also graph- 
ically against sin 0/~t in Fig. 1 (a). 

Examinat ion  of the resul t s  

The accuracy of the results will be discussed first. 
Errors may arise both from calculations and from the 
errors in the experimental structure factors used in 
the calculations. 

The writer has shown earlier (Korhonen, 1955) tha t  
the value used for R has only a slight influence on 
the results, and therefore no noticeable errors can 
arise from this source. 

The artificial structure factors needed in the cal- 
culations are used only as temporary approximate 
values (cf. Korhonen, 1956a, p. 7) and therefore they 
also have only a slight influence on the results. In  
order to show this more clearly the author calculated 
the new structure factor differences for the KNOa 
crystal from the measured structure factors by using 
as the artificial crystal, this time, a crystal containing 
only the K ions in the positions (0, 0, 0; ½, ½, ½). 

Table 3 

(hkl) Z].Fne w z~.Fol d (hkl) z~.Fnew AFold 

000 64"00 0"00 554 -- 1"16 --0"33 
110 --26"91 ~- 1"62 532 ~- 0"81 -- 1"45 
211 +16"51 --2"97 310 --3"41 --1"96 
222 --31"71 ~- 1"52 321 +1"73 --0"14 
i l 0  --1"78 --4"14 420 --2"60 --0"05 
200 +2-31 --3-49 644 +1"76 --0"84 
332 +11"26 +0"06 655 --0"74 --0"07 
220 +2"47 --1"72 322 --0"51 --0"82 
321 --2"78 --0"05 521 +0"44 +0"34 
433 --2"45 --0"29 400 +1"30 ~-- 1"22 
2]1 --2"83 --1"67 633 +0-08 --0"13 
422 --6"91 +0"25 552 +0"08 --0"13 
310 --4"93 --2-49 653 --1"29 --0"13 
444 +2"26 --0"50 666 --0"27 --0"43 
211 --2-24 --0"71 541 --0"27 --0"43 
442 --6"47 --1"50 664 --0"23 --0"43 
431 + 1-78 --2"21 331 --3"10 --0"70 
411 --0"80 --2-08 440 +1-34 +1"53 
330 --0"80 --2"08 411 +1"97 --0"05 
543 --0"17 --0"29 642 --0"51 --0"8I 
320 + 2"97 -- 1"48 321 + 1"14 +0"68 

Table 3 shows the n e w  ZJFne w values, which are quite 
different from the old values A Fold. The new results 
calculated by the aid of series (1'), however, differ 
only very slightly from the old ones, as seen from 
Fig. l(b). I t  is, therefore, sure tha t  the coordinates 
and the temperature factors of the NOa group have 
no profound influence upon the obtained results. 
Their influence on the results is so small because the 
NO 3 group is situated outside the sphere (x2+ye+z 2 
= R e) used at integration. 

The temperature factor of the K ion has a little 
greater influence on the results. In  order to show the 
influence of this factor the author calculated once 

more the new structure factor differences for the 
KNOa crystal by using, this time, the value 1.575 A 9 
instead of 2.054 A s for c~ in the Debye factor (cf. 
formula (2)). Using these structure factor differences 
in series (1') he obtained the results seen in Fig. l(c) 
(the large points). They deviate a little from the old 
results (the small points), but  the deviations axe large 
only at the beginning and end points, as one can ex- 
pect (cf. Korhonen, 1956b, p. 18). The broken line in 
Fig. 1 (c) shows the values of the atomic scattering 
factors for the K ion when the value 1.575 J~2 is used 
in its Debye factor. 

We see clearly from Fig. l(c) tha t  we can expect 
better values for the beginning and end points if we 
lower the artificial atomic scattering factor values 
from the broken line towards the horizontal axis. This 
is due to the fact tha t  the Af¢l, kO differences calculated 
this last time by the aid of series (1') are differences 
between the large points and the broken line and 
therefore the last points are bent towards the broken 
line (the so-called 'Gibbs phenomenon'). 

We see, however, tha t  the temperature-factor value 
of the K ion also has no profound influence on the 
results and tha t  the temperature-factor value 2.054 A 2 
is a proper choice. 

AF(hko values are unknown beyond sin 0/~t = 0-5. 
This causes errors to the results, as seen, for instance, 
from Fig. l(c), where the last points are bent towards 
the broken line. Here it is important  to know how 
much error can arise from this source. The o aly way 
to determine this question is to take a known case 
where we can expect a greater termination error than  
in our actual crystal, and to determine the termination 
error in tha t  case. 

The author has earlier (Korhonen, 1956a) t reated 
an artificial crystal having the same dimensions as our 
trigonal KNO a crystal and having only the theoretical 
K ions in the positions (0, 0, 0; ½, ½, ½). He made 
these K ions vibrate so tha t  the mean square of the 
displacement formed a flattened rotational ellipsoid 
with the trigonal axis as its rotational axis. Then he 
calculated the structure factors for this crystal up to 
the reflexion (521), i.e. to the same limit as in Table 1. 
After this he calculated anew the structure factors 
for this crystal, now letting the K ions vibrate with 
spherical symmetry,  and formed the structure factor 
differences by subtracting the latter from the former 
values. By the aid of these structure factor differences, 
and using series (1'), he calculated back the corres- 
ponding atomic scattering factor differences for the 
K ion. The results of these calculations are seen in 
Fig. 1 (d). We see tha t  only the three last values show 
large deviations. These three last points, however, 
differ clearly from each other in the correct directions 
(towards the corresponding correct values) and they  
also differ clearly from the horizontal axis. 

When we now return to Fig. 1 (a) we see tha t  in 
this case all these last three points have nearly the 
same value, falling nearly on the horizontal axis. This 
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phenomenon cannot be due solely to the termination 
error: a great part, at least, comes from the experi- 
mental structure factors. Thus we can conclude that  
the termination error in Fig. 1 (a) is even smaller than 
in Fig. l(d) because the discontinuity produced by 
equating all AF(hko values to zero at sin 0/~ > 0-5 is 
greater in the latter case. 

The errors due to the experimental values are more 
difficult to estimate. However, no known error in 
experimental values leads to a dependence on the 
crystallographic directions like that  seen in Fig. 1 (a), 
so we have no particular reason to suspect the ex- 
perimental values. When, in addition, we consider the 
smooth course of the curves in Fig. l(a), compared 
with each other, and the fact that  they all begin at 
zero level, indicating thus the right electron number, 
it must be admitted that  the experimental values used 
in the calculations seem accurate enough. These con- 
clusions cannot of course prove that  the experimental 
values are certainly correct, but they show we have 
reasons to think so. 

Consequently, the only remaining possibility seems 
to be to interpret the curves in Fig. l(a) as due to 
the K ion itself. Let us first t ry  to find such a heat 
motion of the K ion, which, according to the formula 

fK,(hkO = fKtheor.,fhkO exp [--8g2u~hk0sin20/22], (6) 

should lead back to our results when fKtheor., (hkl)is 
the atomic scattering factor of the K ion calculated 
theoretically and U(hk02 is the mean square of the 
displacement perpendicular to the lattice plane (hkl). 
This, however, is impossible, as can be seen from Fig. 
1 (a), where the differences between the atomic scat- 
tering factor curves for different reflexions increase at 
first but then decrease and finally vanish (cf. Fig. 1 (a) 
with Fig. l(d), where the atomic scattering factor 
curves obey the formula (6)). 

We arrive, therefore, at the result that  we must, in 
addition, take a possible electronic anisotropy of the 
K ion into account (cf. Korhonen, 1956b, where the 
author also obtained results like this). I t  may be that  
the last experimental structure factors have greater 
experimental errors than the first structure factors and 
that  this phenomenon causes the vanishing of the 
differences between the different atomic scattering 
factor curves at large sin 0/)l values. This assumption, 
however, is not very likely, for the experimental ac- 
curacy is essentially the same for all reflexions in the 
method used by Tahvonen. 
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With the aid of the differences between the atomic 
scattering factor values seen in Table 2 the differences 
between the electron distributions of the same ions 
also can be calculated. Fig. 2 presents the difference 
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Fig. 2. Differences between the electron distribution of the 
K ion in the trigonal KNO a crystal and tha t  of the theoretical 
K ion projected on the trigonal axis (solid line) and on the 
direction perpendicular to the trigonal axis (broken line). 

between the electron distribution of the K ion in the 
trigonal KN0a crystal and that  of our artificial K ion 
projected on the trigonal axis (solid line) and on the 
direction perpendicular to the trigonal axis (broken 
line). The former difference is slight all the way, while 
the latter is much greater and shows that  electrons 
have moved from the centre outwards in the directions 
perpendicular to the trigonal axis. 
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